H-Convergence

Francois Murat and Luc Tartar

Foreword to the English Translation

The article is the translation of notes originally written in French that
were intended as a first draft for a joint book which has yet to be written.
These notes presented part of the material that Luc Tartar taught in his
Cours Peccot at the College de France in March 1977 and were also based
on a series of lectures given by Francois Murat at Algiers University in March
1978. They were subsequently reproduced by mimeograph in the Séminaire
d’Analyse Fonctionnelle et Numérique de I’Université d’Alger 1977/78 under
the signature of only Frangois Murat. We have chosen to return to our
original project by cosigning the present translation.

We would like to note that a small change in the definition of the set
M/(a, 8,2), which is introduced and used in the following, would result in an
improvement of the presentation of these notes. Indeed, define M'(a,~, ) as
the set of those matrices A € [L®(Q)]V ? which are such that (A(Z)\A) > a
A2 and ((4)~1(z)A,A) > 4| AJ? for any X in RN and a.e. z in Q. A proof
similar to that presented hereafter implies that the H-limit of a sequence of
matrices of M'(a, v, ) also belongs to M'(a,~,?), whereas the H-limit of
a sequence of matrices of M(a, 3, ) only belongs to M(a, (8%/a), ) when
the matrices are not symmetric.

1 Notation

Q is an open subset of RV,
w CC £ denotes a bounded open subset w of Q such that @ C €.
a,3,d', 3 are strictly positive real numbers satisfying

O<a<f<+o0,

0<ad <f < +oo.

(,-) and | - | respectively denote the euclidean inner product and norm on
RV,
(e1,...,eN) is the canonical basis of RN,

E={e=1/n:neZ* -{0}}.
E',E”,... are infinite subsets of E (subsequences).

M(a,8,9) = {A € [L=@)V : (A@AN) Za A2 | A@AIS BN
forany A € R" and ae.z in Q}.
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If A is an element of M(a, 3,9) and u is an element of H}(Q)(= W01’2(Q)),

) Noo X ou
—div(Agradu) = — Z %—(Z A""a_x,-)'
=171 j=1

2 Introductory Remarks

Let A€ e € E, be a sequence of elements of M(a, 8,Q). Then, for any ¢, any
bounded open set 2, and any f in H~1(f), there exists a unique solution of

—div(Afgradu®) = f inQ,
u¢ € H}(Q).

Furthermore one has

o |l v o) < f a1

which implies the existence of a subsequence E’ such that, for € in E’,

u¢ — u® weakly in H}(Q).

The following question is raised: does u? satisfy an equation of the same
type as that satisfied by u?

Whenever the matrices A converge almost everywhere to a matrix A, A
converges to A® in [LP(Q)]V ? for any finite p, and the weak limit of A¢grad u¢
in [L2(Q)]V is A%radu® (for € in E'). Therefore u° is the solution of

—div (A%radu®) = f inQ,
w0 € HY(Q).

Note that the uniqueness of u° is ensured because the pointwise limit A€ of
A° belongs to M(a, ,9).

In the absence of pointwise convergence of the matrices A€ the setting is
drastically different, as illustrated by the one-dimensional case.

3 The One-Dimensional Case

Set Q = (0,1), take f in L?(R2) and A€ in M(a,3,Q), which is here just
M(a,B,Q) ={A€ L*°(Q) :a < A%(z) <[ ae. in Q}.
Define u€ as the unique solution of
d du .
{ —pASS)=f inQ,

dr

ut € H)(Q).

Since a || u€ || @) S Il f lz-1(q), 2 subsequence E’ of E is such that
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u¢ —u®  weakly in HY(Q), e€ E'.

G
Set ¢€ = A‘d— The function £¢ is bounded in H(f2) because

€

d .
1€ I < 2 F i and %= e

Hence a subsequence E” of E' is such that

¢ — &% strongly in L*(Q), e € E".
Since A€ belongs to M(a, 3,1) ,

1 1
5= A@)

and a subsequence E" of E is such that

< a.e. in €,

RIr

1
-/% -5 weak-* in L°(Q),e € E".
Furthermore A° belongs to M(a, 3,Q).

The limit of each side of the equality

6

£€ ecE",
is computable and it yields
-
Since Z—i} = —f, u9 is a solution of

{—fmff)f in Q,
u e Ho (),

and it is unique because A° belongs to M(a, 3,).

Note that if B? is the weak-* limit in L°°(Q2) of A€ for a subsequence
E"™ of E", then A° is generally different from B as easily seen upon con-
sideration of the following example:

A(z)=a , ke<x<(k+ )e
A(z)=08 , (k+ )e <z< (k+1)e

with k € ZT, in which case
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11,11
AO-IE(Q-FE),
BO=§(CI+,3)

The reader should, however, refrain from drawing the hasty conclusion
that weak-* convergence in [L°(€2)]¥” of the inverse matrices (A€)~! of A€
is the key to the understanding of the problem in the N —dimensional case.
Consider, for example, the following setting.

4 Layering

A sequence A€ e € E, of elements of M(a, 3,Q) such that A%(z) = A%(z;)
is investigated. Since it satisfies

f1(2) = (A(@)er,e1) 2 ] e1 P= e,

a subsequence E’ of E is such that

(1 1
A5y A?]’
0
Aq . A i>1
A5 AN '
e a0 (1)
J N _1]. i > 1
b b
A5 A,
A Al AQAY )
Ag; — ’51’ — AY - ;1(1)1’, i>1,j>1,

for € € E'. The convergences in equation (1) are to be understood as weak-*
convergences in L¥(Q).
If © is bounded and f is an element of L?(12), the solution u¢ of
—div (A¢gradu®) = f inQ,
u € H5(Q),
is such that, for a subsequence E” of E',
u¢ —u®  weakly in H3(Q) ,e € E".

Let us prove that u? is the solution of
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—div (A%radu®) = f inQ,

(2)
u® € Hy(Q),

with A° defined through (1).
N N
Let w =.I'[1 (ai, b;) be a rectangle such that w C . Set o' = .1‘[2 (ai, by)
1=

1=
and

Each of the &§’s is bounded in L?(w) and
a&l 6€z
=f+ E 5 0; )

Thus & is bounded in Hl((al,bl);H L") .
The identity mapping from L?(w') into H~1(w') is compact, which im-
plies, by virtue of Aubin’s compactness lemma, that

9

= = {¢ € L*((a1,b1)); LA (")) : oz, € L*((a1,b1)); H1 (o))}

is compactly embedded in L?((a1,b;); H™!(w')). Thus, at the expense of
extracting a subsequence E”’ of E”, we are at liberty to assume that

& — &0 weakly in L?(w) ,

& — €)  strongly in L?((a1,b1)); HY(W") , (3)

€ 0

u¢ — u® strongly in L?(w) ,

for € in E".
But Ae is a function of z; and only z1, thus

Z 1] 6 _l__é-e
611 AS Y

A‘IA

5;-A51£1+Za (A — =), > 1L
The limit of every single term in the precedlng equalities is immediately
computable upon recalling equations (1) and (3). For example, if ¢ is an

arbitrary element of C§°(w),
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1 1
—&lpdr =< &, —p >,
/wAil&‘P & Ail(p

where < , > stands for the duality bracket between L?((a1,b); H1(w'))
and L?((ay, b1); H}(w')). We finally obtain

Z 0 au i 1
gl 6:1:J ’
which yields equation (2) because —div¢? = f in w , and w C Q is arbitrary.

5 Definition of the H-Convergence

Definition 1 A sequence A%, e € E, of elements of M(a, 3,) H—converges
to an element A® of M(d/, 3, 9) (A€ LA A®) if and only if, for any w CC Q
and any f in H™1(w), the solution u¢ of

—div (A°gradv®) = f  inw,
(4)
u¢ € H}(w),
is such that

€ 0

u¢ = u®  weakly in H}(w),

()
Acgradu® — A%gradu®  weakly in [L2(w)]V

for € € E, where u® is the solution of
—div (A%radu®) = f inw,
u® € H}(w).
Remarks
1. According to the results obtained in Sections 2, 3, and 4, the following
results hold true:

(i) If A€ converges to A° a.e. in 2, then A¢ 2 40,

(i) I N =1, A° & A9 if and only if & — & weak-* in L=(Q),
as easily seen upon approximation in H~1(Q) of f by func-
tions of L?(€2) (see Section 3).

(ifi) If A%(z) = A%(z1), and if A° 2 A°, equation (1) is satisfied.
Conversely if (1) is satisfied, then it can be shown that A° is
coercive and Section 4 implies that A€ H g
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2. If equation (4) is interpreted as the equation for the electrostatic po-
tential u¢, A€ as the tensor of dielectric permittivity , E¢ = gradu®
as the electric field, and D¢ = Afgradu® as the polarization field,
then convergence (5) is a statement about the weak convergence of
the fields E€ and D¢. It is shown later on that the electrostatic en-
ergy ef = (D¢, E¢) = (A%grad uf, gradu®) is also a weakly converging
quantity.

3. The concept of H-convergence generalizes that of Gconvergence intro-
duced by Spagnolo (see, for example, Spagnolo (5] and De Giorgi and
Spagnolo [2]). Furthermore, the theory of periodic homogenization, as
developed in A. Bensoussan et al. [1], may be construed as a system-
atic study of the H-convergence in a periodic framework. The latter
reference offers a thorough bibliography as well as a wealth of open
problems.

6 Locality

In essence, H-convergence amounts to a statement of convergence of the
inverse operators [—div (A¢grad)]™!, which are bounded linear mappings
from H=1(Q) into H} (), when both spaces H~1(2) and H}((2) are endowed
with their weak topologies. The underlying topology satisfies the property
of uniqueness of the H-limit, and the H-limit is local as demonstrated in the
following proposition:

Proposition 1 (i) A sequence A, € € E, of elements of M(a, 3,Q) has at
most one H-limit.
(ii) Let A¢ and B¢, ¢ € E, be two sequences in M(c, 3,9) that satisfy

Ac g0

B A po.

and are such that A€ = B¢ on an open set w C Q. Then A° = B° on w.

Proof:

Let A° be an H-limit of A¢,e € E. Consider w CC w1 C , ¢ € C§°(w1)
with ¢ = 1 on w, and define, for any A in RV,

fr = —div (A%(2)grad (A, 2)p(2))).

Then u, defined as the solution of
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—div (Afgradu§) = f\ inwi,
u§ € Hj(w1)
for € € E and € = 0, is such that
w(2) = (N 2)¢(2),
u§ — u) weakly in H(w1),
A¢gradu§ — A%gradul weakly in [L?(wy)]V.
If BY is another H-limit for A€, then
Atgradu§ — Bradul  weakly in [L2(w;)]V.
Thus A%rad ug = B%rad uf{ and, since grad u?\ =Ainw, A=B%in
w, which proves (i). The proof of (ii) is immediate in view of (i) together
with the definition of H-convergence. a
7 Two Fundamental Lemmata
Lemma 1 Let Q be an open subset of RN and £¢,v¢, € € E, be such that
& e (L2,

¢ — €0 weakly in [L2(Q))V,
div€s — dive®  strongly in H-1(Q),

v € H(Q),
v¢ — v0  weakly in H(Q).
Then
(€5, gradv) — (€%, gradv®) weakly-* in D'(R).
Remarks

1. The product (£, gradv€) is that of two weakly and not strongly con-
verging sequences; thus it is a miracle that the limit of the product
should be equal to the product of the limits. This phenomenon is
known as compensated compactness (see Murat [4] and Tartar [7]).

2. The product (£¢, grad v¢) is bounded in L!(f2) independently of e. Thus
it actually converges vaguely to a measure. However, it does not in
general converge weakly in L!(2) (see Murat [6] for a counterexample).
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Proof of Lemma 1:

Let ¢ be an element of C§°(£2). Then

/Q(ﬁe,gradv‘)godm = — < div€, v >y-1q)H1Q) —/Q(E,grad(p)v‘dz.

Passing to the limit in each term of the right-hand side is easy (use Rellich’s
theorem in the second term). Integration by parts of the resulting expression
yields the desired result. [ ]

Lemma 2 Let Q be an open subset of RN. Let A€ belong to M (., 3,Q) for
e € E. Assume that, for e € E,

u € HY(Q),
u¢ — u®  weakly in H*(Q), 6)
&€ = Acgradut — £  weakly in [L2(Q)]V, (
—div (Afgraduf) — —divE®  strongly in H™1(Q),
v¢ € HY(Q),
v — o0 weakly in H(Q), ™
7t = tAfgradve — 1°  weakly in [L2(Q)]V,
—div (tAfgradv¢) — —divn® strongly in H™1(Q).
Then
(€°, grad+®) = (graduw®,7°) a.e. in Q. (8)
Proof:

The proof is immediate upon observing that

(€5, grad vf) = (A°grad uf, grad v®) = (graduf, A°grad v®) = (grad u®,n),

and through application of Lemma 1.
Note that equality (8) is a pointwise equality, which is a much stronger
statement than an integral equality. |

8 Irrelevance of the Boundary Conditions.
Convergence of the Energy

Proposition 2 If A% e € E, belongs to M(a,3,Q) and H-converges to A°
which belongs to M(/, 8',Q), then A€, e € E, H-converges to tAC.
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Proof:
Let w CC Q and g be an element of H!(w). Let v be the solution of
—div (*Afgradv®) =g inw,
v € Hy(w),
for € € E. Our task is to show that
v€ — v0  weakly in H}(w),
tAsgradv¢ — tA%gradv® weakly in [L2(w)]V,
for € € E, where 90 is the solution of
—div (*A%radv®) =g inw,
v0 € H}(w) .

Because v¢,¢ € E is bounded in H}(w), a subsequence E’ of E is such
that

v¢ — v weakly in H}(w),

tA‘gradv¢ —n  weakly in [L?(w)]V,

for € in E’. Furthermore, —divn = g in w.
For any f in H™(w), u¢ defined as the solution of

—div(Afgraduf) = f inw,
u € Hj(w),
for € € E and € = 0, is such that
u¢ — u® weakly in Hj(w),
A¢gradu® — A%radu® weakly in [L2(w)]V

for € € E, because A¢H-converges to A° for € € E.
Application of Lemma 2 yields

(A%radu®, gradv) = (gradu®,n) a.e. in w.

As f spans H™!(w), u® spans H}(w); thus, if w; CC w, gradu® can be
taken to be any A € R" on w; and we obtain

(A°\, gradv) = (\,n) a.e. in w; and for any A € RV,
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which implies that

n="'A%radv ae. inw.

Since —divn = g, we conclude that v = v° and n = tA%rad°.
Since tAQ is unique, v° is unique and the whole sequence € € E (and not
only the subsequence € € E') is found to converge. [ |

Theorem 1 Assume that A¢ e € E, belongs to M(a, 3,Q) and H-converges
to A€ M(d/,,Q). Assume that

((u¢ e HY(Q),
fee HY(Q),
{ —div(Afgradu®) = f¢ inQ,

€

ut — u  weakly in HY(Q) ,

| f¢— f° strongly in H-1(Q)
for e € E. Then

Acgradut — A%gradu®  weakly in [L2(Q))V,

(Agraduf, graduf) — (A%radu®, gradu®)  weakly-* in D'(Q).

The proof of Theorem 1 is analogous to that of Proposition 2: it merely
uses Proposition 2 and Lemmata 1 and 2.

It can be further proved, with the help of Meyers’ regularity theorem (see
Meyers [3]), that the energy (A°graduf, grad u€) actually converges weakly
in L}, ().

9 Sequential Compactness of M(a, 3,Q) for the
Topology Induced by H-convergence

The notion of H-convergence finds its raison d’étre in the following theorem.

Theorem 2 Let A€ e € E belong to M(c, 3,9Q). There exists a subsequence
E' of E and a matriz A® in M(a, %2, Q) such that A€ H-converges to A® for
e€FE.
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Proof:

The proof of Theorem 2 consists of the following steps.

Step 1:

Proposition 3 Let F and G be two Banach spaces, with F separable and
G reflexive. Let T¢, e € E be elements of L(F,G) satisfying

T Nlc<C.
Then there erist a subsequence E' of E and an element T° of L(F,G) such
that, for any element f of F, T¢f — T°f weakly in G,e € E'.

Proof:

Take X to be a countable dense subset of F.. A diagonal process ensures
the existence of a subsequence E’ of E such that Tz has a weak limit in G
denoted by Tz for e € E' and z € X.

Fix f in F and ¢’ in G’ and approximate f by elements x € X. This
allows one to prove that < T¢f, ¢’ >¢ ¢ is a Cauchy sequence for € € E'.
Denote the corresponding limit by < T°f,¢' >g ¢'; then T0 is linear and
bounded. Specifically,

IT°f lle < Lim in f ITf lle <CIl £ lIF.

Step 2:

Proposition 4 Let V be a reflexive separable Banach space and T¢,e € E
be elements of L(V, V') such that

NTlle < 8,

<T€vav>V’,V 2> a||v|l%/, veV.

Then there ezist a subsequence E' of E and an element T° in L(V, V') such
that

T Nle

IA

B,

v

< T, v >yry allv|3,veV,

which satisfy for any f in V',

(T1f — (T°)"Yf weakly in V,e € E'.
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Proof:

By virtue of Lax-Milgram’s lemma, T has an inverse (T¢)~! that satisfies
Il (T€)™! |llc < 1/a. Application of Proposition 3 yields a subsequence E’
of E and an element S in £(V’, V) such that, for any element f of V’,

(T 'f = Sf weaklyinV, e€ E'.

Since

< (Te)—l.ﬂ f >V,V’

< (T&)Yf, T(TE)~1f >y

\%

o a
ol (T = Z NTNENT)TIE > F 171},
B B
we obtain

«
<Sf.f>vvzgllf 1% .

Thus S, being coercive, is invertible. Denote by T° € L(V, V") its inverse.
It satisfies, for any element v of V,

[0
7 I T% [} < < ST%, T% >vy <[l v llv | T%]lv.

Hence ||| T° |||z < §%/a.

Since
al| (TN} < <TT) (T f >y

= <[, (T) >y,

the sequential weak lower semicontinuity of || ||v implies

al| SFIY << £,5F >viv,
and the choice of f = Tv0 v € V, finally yields

allv|f << Tov>yy.

]
Step 3:

For the remainder of the proof of Theorem 2 it will be assumed that
Q is bounded. If such was not the case the argument would be applied to
Qn{z € RN :|z|< p} with p € Z* and a diagonalization argument would
permit us to conclude.

We propose to manufacture a sequence of test functions to be later in-
serted into Lemma 2. To this effect a bounded open set @ of RN with
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Q C @V is considered. We define B¢ to be an element of M(a,3,’) such
that
B ='A%in Q.
(Take for example B¢ = ol in '\ .)
Set
B = —div (Bfgrad) € L(HA(Y); H1(®Y)).

Proposition 4 implies the existence of a subsequence E’ of E and of an
element B® € L(H}(R); H~1(R)) such that, for any element g in H~1(Q),
(B)"'g — (B°)'g weakly in Hg(Q),
when € € E'. Let ¢ be an element of C§°(Q') such that ¢ =1 on § and, for

any i € {1,...,N}, set
gi = B%(zip(x)) € HTH().
Define v§,e € E',i € {1,...,N}, as

vf = (B) 'gi.
The restriction of v§ to (2 belongs to H*(Q2) and satisfies

v§ — z; weakly in H}(Q),

—div (*A¢gradvf) = g; in Q.
At the possible expense of the extraction of a subsequence E” of E’, we are
at liberty to further assume that
tAfgradvi —7;  weakly in [L2(Q))V,

when e € E”,i € {1,...,N}.

Note that —divn; = g; in Q and that the functions v§,e € E” satisfy
equation (7) in Lemma 2 with v° = z;.

We now define a matrix A° € [L2(Q)]V* by

(A% = (m:); € L*(Q), i,j€{l,...,N}.

The matrices A¢, e € E”, are shown to H-converge to A°.
Step 4:

Let w cC Q. Define the isomorphism .A¢ by

A€ = —div (A°grad) € L(H}(w); HY(w)),
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and set

C¢ = ASgrad ((A)™") € L(H (W) [L2@)]").

Then, for any element f in H~!(w),

1CF Nz < 811 (A9 g < 211 £ ll-1co) -
0 a

Direct applications of Proposition 3 to C¢ and of Proposition 4 to A€ ,
imply the existence of a subsequence E,, of E”, of C® € L(H ! (w); [L2(w)]V),
and of an isomorphism A° € £(H}(w); H!(w)), such that, for any element
fin H (),

(A)7f = (A°)7'f  weakly in H}(w),

Cef —COf  weakly in [L?(w)]N.

Note that E_, depends upon the choice of w.
The sequence u¢ = (A€)~1f , € € E”, satisfies

u¢ = u® = (A%"1f weakly in H}(w),
A¢gradu® — COf = ¢°  weakly in [L2(w)]V,

—div (Agraduf) = f inw,
which is precisely equation (6) of Lemma 2.
Thus application of Lemma 2 to u¢ and vf yields, for i € {1,...,N},
(€%, grad z;) = (grad u®,m;) a.e. inw,

which, in view of the definition of A, is precisely
COf = €% = A%radu® ae. inw.

Step 5:

The matrix A°, which is by definition an element of [L2(w)]?, is such
that A%grad u® belongs to [L%(w)]" for any «° in H}(w). We prove that A°
belongs to M(a, g,w). Indeed, application of Lemma 1 to A°gradu® and
ut, € € E, yields

(Asgradu, graduf) — (A%gradu®, gradu®) weakly-* in D'(w).

Let ¢ be an arbitrary nonnegative element of C§°(w). The inequality

/ ¢ (Agraduf, grad u®) dz > a/ ¢ | gradu® |2 dx
w w
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implies

/ ¢ (A°grad v’ gradv®) do > a/ ¢ | gradu® |2 dz.
« w

Since the preceding result holds true for any u° in H}(w), taking u%(z) =
(A, z) on the support of ¢ yields

(A%>)MN) >a|A?, AeRN aeze w.

On the other hand, for any u € RY (see the beginning of the proof of
Proposition 4),

(A%~ (z)p, p) > % lul?, aez€ w.

Let ¢ be an arbitrary nonnegative element of C§°(w). The inequality

/ ¢ (graduf, A°grad v®) dz > —;—2/ o | Agradu |2 de
w w

implies
/ o (gradu®, Agradu®) dz > 522'/ ¢ | A’%radu® |? dz.
g w

Since the preceding result holds true for any u° in H}(w), taking u%(zx) =
(A, z) on the support of ¢ yields

LAY DN > = | A%2)A 2, AeRV,aeze w,
ﬁ2
and thus

ﬂ2

0 <_
PUONEESPYR

2
We have proved that A° belongs to M(a, %,w).

Step 6:
,32
Because A° € M(a, = w), the limit u0 of u¢, € € E,, is uniquely defined,

independently of E,,, through
—div (A%radu®) = f inw,

40 € H}(w).

Thus there is no need to extract E,, from E” and the sequences u¢ and
A¢graduf converge for e € E”. But E” is independent of w. Thus A€, e € E”,
H-converges to A°. [ |
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10 Definition of the Corrector Matrix P¢
Let A€, e € E, be a sequence of elements of M(a, 3,) that H-converges to

A% € M(a,B,9). Consider w cC 2, A € R", and € € E and define w§
such that

w§ € HY(w),
w§ — (\,z)  weakly in H(w), (9)

—div (A€ gradw§) — —div (A°)\)  strongly in H™!(w).

The existence of w§ is readily asserted upon solving

—div (A¢ grad w§) = —div (A% grad (A, 2)p(z)))  in wy,

'LUf\ € H& (wl)a
with w CC wy CC N and ¢ an element of C§°(w;) such that ¢ = 1 on w.
Definition 2 Let A¢,e € E be a sequence of elements of M(a, 3,Q) that

H-converges to A° € M(a,,Q). The corrector matriz P¢ € [L2(w)]V* is
defined by

PA=gradw§, Ae€RM, ecE, (10)

where the sequence w§ satisfies (9).

Remarks

1. It can easily be shown from equation (9) that the matrix P¢ is “unique”
to the extent that if P¢ and P¢, € € E, are two such sequences, then
P¢— P -0 strongly in [L?(w)] 2,

2. The sequence P¢ is bounded in [L?(w)]V ? independently of €. Bounds
for this sequence in [LI(w)] 2, g > 2 can be achieved through appli-
cation of Meyers’ regularity result (see Meyers [3]).

3. In the case of layers where A%(z) = A*(z1) (see Step 4), the functions
w§, are of the form

wi(2) = (A, 2) + 25 (1),
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and it is easily proved that P€ can be defined by

' 1€1=A—(1)l
Afy
A9 — A
et ¥ 1j .
$ Ple]_ 611 ’ ]>17 (11)
Pi=1, i>1,
| P5=0, 4,j>1, i#j.

4. Note that the previous remark immediately demonstrates that a se-
quence Q¢ associated with ! A€ through Definition 2 does not generally
coincide with !P¢. Indeed, in the case of layers, both P¢ and Q¢ given
by (11) have nonzero terms only on the diagonal and in the first line.

Proposition 5 Let P¢ be the sequence of corrector matrices defined through
Definition 2. Then, ase € E,

P — I weakly in [L2(w)]V,
APe — A weakly in [L2(w)]N,
tpeAcPe — AY weakly-* in [D'(w)]VC.

Proof:

The sequence P¢ is bounded in [L?(w)]V ®.If ¢ is an arbitrary element of
[C°(w)]V, that is, if

N
=Y wiei, pi €CF W),

i=1
one has
N N
/ PGQOdI = / (Pz'Peei dr = / Z wi gradw;. dz
w w i1 W =1

N
—>/ Z go,-e,-d::::/god:c.
w i=1 w

Thus P¢ converges weakly to I in [L?(w)]". The remaining statements of
convergence are obtained in a similar way with the help of Theorem 1 and
Lemma 1. ]
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11 Strong Approximation of gradu. Correctors

Theorem 3 Assume that A, e € E belongs to M(a, 3,2) and H-converges

to A € M(a,f,9). Assume that
(uf € H(w),
fee H'(w),
{ —div(A®gradu®) = f¢ inw,

u¢ —u®  weakly in H'(w),

| f€— f° strongly in H(w),

(12)

where w is such that w CC Q. Let P¢ be the corrector matriz introduced in

Definition 2. Then one has fore € E :
graduf = P¢ grad u® + 2¢,
2€ =0 strongly in [L},.(w)]V.

Further, if

Pee [Lq(“-’)]sz IIP‘II[Lq(w)]Nz <C, 2<q<+oo,

grad u° € [LP(W)]V, 2<p< +oo,

then
2¢— 0 strongly in [L,.(w)]",
with
1 11 1
o= mam(—2-,]—) + a)
Finally, if
/ (A€ gradu®, gradu®)dz — / (A® grad®, gradu®)dz,
w w
then

2£— 0 strongly in [L"(w)]V.

(13)

(14)

(15)
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Remarks

1. Theorem 3 provides a “good” approximation for grad u¢ in the strong
topology of L} ., L7 ., or even L". Such an approximation is a useful
tool in the study of the limit of non linear functions of grad u¢.

2. When u? is more regular, that is, when 4% € H?(w), Theorem 3 imme-
diately implies that

u0

N
= Z we,“f"z +re with r* -0 strongly in Wlf,c'l(w).
=1

The term Z (wg, — x,)r may be seen as a correcting term. In the

case where Ae(x) A(z/€e) with A a periodic matrix, it is precisely
the term of order € in the asymptotic expansion for u¢ (see Bensoussan
et al. [1]).

3. In the absence of any hypothesis on the behavior of u¢ near the bound-
ary of w (note the absence of any kind of boundary condition on ¢
in (12)) the estimates (13) and (17) on gradu¢ — P<gradu® are only
local estimates. Assumption (16) alleviates this latter obstacle; it is
met in particular when u€ is the solution of an homogeneous Dirichlet
boundary value problem.

4. An approximation of gradu® by Pfgradu in the strong topology of
[LZ,.(w)]V is obtained as soon as the corrector matrix P is bounded
in [L9(w)]V* with q large enough. Since grad u¢ is bounded in [L2(w)]V,
such an approximation may be deemed “natural.” It is unfortunately
not available in general. The most pleasant setting is, of course, the
case where ¢ = +o0.

5. The case where p = +0oc in (14) also results in the statements (15) and
(17), but its proof requires Meyers’ regularity theorem to be done.

Proof of Theorem 3:

The proof consists of two steps.

Step 1:

Proposition 6 In the setting of Theorem 3, the following convergence holds
true for any ¢ in [CP(w)]N, ¢ in C§°(w) and € € E.
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/ ¢ (Af(gradu® — Pyp), (gradu® — P¢ @))dx
’ (18)

— / # (A%(gradu® — @), (gradu® — ¢)) dz.

Proof:

N
Set o =Y piei, i € C°(w). Then
i=1

/ ¢ (Af(gradu® — P¢yp), (gradu® — P* ¢))dz

N
= /qb(A‘gradue, gradu®) dz +Z/ ¢ (A€ gradu®, Pée;) ¢; dx
w

=17

N . N
+Z/ ¢ (A°Pte;, gradu®) p;dr + Z /¢(A‘P€e,~,P‘ej) @i pj de.
w

i=1v% i,j=1

Each term in the preceding equality passes to the limit, with the help of
Theorem 1 for the first one, Lemma 1 together with the definition of P¢ for
the second and third ones, and Proposition 5 for the last one. This proves
(18).

Whenever assumption (16) is satisfied, the choice ¢ = 1 is licit because
the first term passes to the limit as well as the other terms that contain at
least one ; which has compact support.

Step 2:

If u° belongs to C3°(w), the first step permits us to conclude upon setting
¢ = grad u®. Otherwise an approximation process is required. The regularity
hypothesis (14) is assumed with no loss of generality since (13) is recovered
from (15) ifp=g=2.

Let 6 be an arbitrary (small) positive number. Choose ¢ € [C§°(w)]V
such that

I gradw® — ¢ Loy < 6,
which is possible since p < +oo. Then

1 1 1
€ 0 _ pe . < if = ==4Z=,
| P€gradu” — Pp||[ps@y~ < C6, if s p + p
Takew; CCwand ¢ € C°(w), ¢ =1lonwp, 0 < ¢ <1in w.Proposition
6 then yields
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. € __ PeE |12
limsup aflgradu® — P¢ [fzz(,, v

<limsup | ¢(AS(gradu — P¢p),(gradu® — P¢p))dx
e€E w

- / 6 (A%(gradu® — @), (gradu® — @) dz

< B'|lgradu® — ¢ "[2L2(w)]N < Cé.

The two results we have obtained imply that

2¢ = gradu® — Pgradu = (graduf — P¢p) — (P¢ gradu® — P%p)
satisfies
limsup || 2¢|| gy < C6,
e€E
with r = min(2, s). Letting 6 tend to 0 yields (15).
When assumption (16) holds, the proof remains valid with the choice
¢ =1 and w; = w, and (17) is thus established. ]

We conclude with a straightforward application of Theorem 3.

Proposition 7 Consider, in the setting of Theorem 3, a sequence a¢,¢€ € E,
with

at € [L2W)Y,  |laf |y~ < C,

tPéa¢ — a®  weakly in [L?(w)]N.
Then
(a%, graduf) — (a®, gradu®) weakly in L*(w).
The proof is immediate upon recalling (13). The same idea also permits,

at the expense of a few technicalities, handling the case where u¢ converges
weakly in H'(f2) and satisfies an equation of the type:

—div (A® grad u® + b*u® + ¢°) + (d°, gradu®) + eu® = f¢ in Q.
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